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Extremal materials with rank-deficient elastic tensor are classified by counting the soft deformation modes, while their
elasticity is assigned by hard modes. To date, only pentamode materials with a single hard mode have been studied in depth,
and a broader space of extremal materials is left almost unexplored. In this work, basic ingredients and design schemes aiming
to more general extremal materials are studied based on truss lattices. To homogenize periodic lattices with nonaffine
deformation induced by local mechanisms, we revisited the matrix formulation with singular value decomposition and derived
the effective elastic tensor in compact form of Kelvin-like decomposition, with which we are able to outline the origin and
design logic of extremal materials. The method is then applied to design two-dimensional extremal materials on demand of
arbitrarily prescribed elasticity tensor. The unique static responses in two-dimensional unimode continua which is closely
related to complex analytic functions are confirmed by our designed lattice material. The proposed method is also applicable
for more general extremal materials in three-dimensional cases.
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1. Introduction

The elastic tensor of structural materials is required to be
positive definite, so that stresses are induced in response to
arbitrary modes of deformation, and vice versa. However,
for some materials certain eigenvalues (six for Cauchy
materials in three-dimension (3D)) of the elastic tensor
could be very small compared to the rest, and the corre-
sponding eigenvectors are their soft modes. Conceptually,
Milton and Cherkaev [1] named extremal material for this
kind of materials, and proved theoretically that any positive-
definite 4th order elastic tensor can be realized by properly
laminating a subset of extremal materials. To the limiting
case, extremal materials with rank-deficient elastic tensor
are classified as unimode, bimode, trimode, quadramode and
pentamode by counting the numbers of soft modes, i.e., the
zero eigenvalues. Therefore, in spectrum decomposition the
4th order elastic tensor of a material with n soft modes can
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be expressed as

6—n
C=) KS,®S, (1
i=1

in which K; and S; are respectively the nonzero eigenvalues
and related hard modes (2nd order symmetric tensor) of C.
The material can only sustain stresses in a subspace spanned
by S;. For two-dimensional (2D) cases, bimode (sometimes
also called 2D pentamode) and unimode material (UM) are
the only two types of extremal materials. The most in-
vestigated extremal materials are pentamode materials
(PM), because not only are they easy to construct into the
simplest elastics, but they also have amazing applications in
controlling sound waves [2-12]. On the other hand, auxetic
materials, though they are not considered intentionally in
context of extremal materials, are familiar examples of UM.
For the isotropic case, it is an elastic material with Poisson’s
ratio approaching —1, and its only soft mode is the dilatation
[13-15].

For a d-dimensional ideally pin-jointed truss structure
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with finite size to be stiff, the Maxwell’s [16] counting rule
n, = dn, — d(d + 1)/2 with ny, and n, being respectively the
number of bars and nodes gives a necessary (yet not suffi-
cient) condition. However, it is a bit different for the case of
infinite periodic lattices, for which the average number of
bars per node, i.e., the coordination number Z = 2ny/n,, can
be used instead and the Maxwell rule reads in this case Z =
2d. Truss structures satisfying Z = 2d are at the verge of
mechanical stability and are known as isostatic lattices
[17,18]. Recently, there have been great research interests on
isostatic lattices since their mechanism modes (floppy
modes) can be intentionally localized on the edge with to-
pological protection, representing a static mechanical analog
of topological insulators [19,20], which is different from the
phononic topology at nonzero-frequencies [21]. Here we
distinguish the lattice-level mechanism mode which is nodal
displacements producing no bar elongations, and the soft
mode which is a macroscopic strain without causing stress
and elastic energy. The latter is often referred to as Guest
mode for a truss network [22]. Actually, unless in special
configuration, isostatic lattices are UM and trimode mate-
rials for 2D and 3D, respectively [23]. Because of the single
soft mode, UMs possess remarkable features in static and
dynamic responses [24-26]. In particular, in view of con-
tinuous media and expressing the elasticity problem in
complex variables, it is found that the allowable fields of
stress-free and stress-bearing displacement in 2D UM are
exactly induced by analytic functions [24,25]. On the mi-
crostructure side, the concepts were illustrated with known
lattices with single mechanism, e.g., Kagome lattice, rota-
tion-square lattice or their distorted versions, and emphasis
was placed mainly on the stress-free soft mode.

Although extremal materials have many interesting static
and dynamic properties, there are few studies that can give
specific configurations for any extremal materials with a
prescribed elastic tensor. So far, except for PMs, most works
on extremal materials using under-constrained lattices focus
on the attainability of soft modes for which case bars can be
treated as rigid [1,27]. In that regard, appropriate homo-
genization method correctly predicting the rank-deficient
elastic tensor, which is sensitive in both bar connectivity and
stiffness, is not necessary. Recently, truss networks realizing
prescribed extremal material elasticity tensor were studied
by using topological optimization [28]. Topological opti-
mization methods were usually used to design materials or
structures with high stiffness-density ratio [29,30] or sin-
gular elasticity [31] rather than with soft modes. In this
paper we aim to develop a systematic scheme, including
both the homogenization and inverse design, in order to
customize both the soft and hard modes of periodic
truss lattices. The method is applied and validated in de-
signing 2D extremal materials, but is also illumining for 3D
situation.
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There have been in-depth studies in literature for the
evaluation of effective elastic properties of periodic lattice
materials [32-36]. However, for an under-constrained lattice
undergoing macroscopic strain, relaxation process due to
non-affine local deformations will direct the lattice to a
lower energy [37]. In this situation formulations based on
the enforcement of affine boundary conditions on a unit cell
are no longer appropriate. For truss structures, formulation
by matrix and singular value decomposition (SVD) provides
an elegant methodology for understanding lattice mechan-
isms, self-stresses and the load-bearing behavior [38-40].
Together with the aid of Cauchy-Born hypothesis, a
homogenization technique capable of settling the non-affine
relaxation can be established and is suitable for under-con-
strained lattice materials [20,41]. The method is adopted in
this study to give explicitly the effective elastic tensor in a
compact form similar to Eq. (1).

The paper proceeds as follows. In Sect. 2, homogenization
based on Cauchy-Born hypothesis and SVD is revisited and
compact expression of overall elasticity tensor in hard and
soft mode is given for under constrained truss lattices. In
Sect. 3, for prescribed rank-deficient elasticity tensor, a two-
step design scheme separately seeking the soft and hard
mode of extremal materials is suggested, and is applied in
2D case. In Sect. 4, analytic responses in 2D UMs are de-
monstrated and validated using the designed material.
Conclusions are drawn in Sect. 5.

2. Effective elastic tensor of under-constrained
truss lattices

The aim of this section is to homogenize a periodic truss
network towards a continuum characterized by an elastic
tensor C. The equivalence is ensured by equating the mac-
roscopic and microscopic deformation energy density, i.e.,

%E :C:E=w.(E)/ V. under a macroscopic strain ten-

sor E, where w,y and ¥, are the deformation energy and
volume of a single unit cell, respectively. Although the
homogenization scheme is generally valid for any truss
lattice, here it is mainly targeted to under-constrained lattice
and rank deficient C. To correctly handle the potentially
involved zero energy mode and singularity, the matrix for-
mulation of periodic lattice and SVD based technique will
be employed to evaluate the local energy of truss network.

Firstly, consider a d-dimensional truss assembly consist-
ing of n, nodes (with locations x,, a € [1, 2, ..., n,] ) and n,
bars without external constraints. The tensions and elonga-
tions of the n, bars are assembled into vectors t and e, and
the dn, displacement and external force components of the
nodes are assembled into vectors u and f, respectively.
Balance at each node implies the equilibrium equation in a
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matrix form as

At =f, (2)
meanwhile the kinematic equation relating the displace-
ments and bar elongations is

Bu=e, 3)
where the equilibrium matrix A and kinematic matrix B are
introduced [40]. By using the virtual work principle, f'du =
t"ATSu = t"8e = t'Bdu, it is obvious that B = AT, where a
superscript T denotes the transpose. Consider for instance
and X,

respectively. A unit vector along the bar is defined as

r,=(X,,~X,)/l, with [,=

bar b linking two nodes a, and a, with locations X,

Xaz_xa]

being the bar
length. For small deformation the bar elongation is
ep=(u,,—u,)- t,, by which it is straightforward to build

the n, x dn, matrix B once the involved variables for nodes
and bars are appropriately indexed. Define h = diag[4y, &,

o hy Iwith by (b €L, 2, ..,
b and we have t = he. The mechanical response of the truss
under nodal loading can then be solved by

ny]) being the stiffness of bar

(AnA'Ju=Ku=t, (4)

where K is the symmetric stiffness matrix with dn, degree of
freedoms (DOFs).

Consider an infinitely periodic lattice undergoing a mac-
roscopic strain E, with respect to the Cauchy-Born hy-
pothesis [38], nodal displacements of the lattice can be
decomposed into an affine part u™ in consistence with the
macroscopic strain tensor E, and a cell-wisely periodic part

W, ie., u=u""+ v, where ualff E-x, witha € [1,2,...,n,]
is the affine displacement of node a. Accordingly the bar
elongation vector also consists of two parts

e = "™ + BuP, (5)
in which e = ¢ ¢ ,e,fbff ! and the affine elonga-
tion of bar b € [1, 2, ..., ny] is

M=, E-F, (6)

Since u” has the same periodicity with the lattice, i.e., for
any pair of nodes whose locations differ by a integer mul-
tiple of lattice vectors, their nodal displacement components
in the vector u® take the same value. As a result, u® is not
independent and one can reduce u into a vector " con-
taining only independent nodal displacement components,
and their relation is of the form u’ = QuP, where Q is a
matrix only contains 0 and 1. The A and B matrices cor-

respondingly reduce to B = X = BQ, by which Eq. (5) is
rewritten as

e = e+ BuP. N
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The strain energy density of the lattice is then

1

T
W= e+ BuP| h|e* +BuP|,
ce

®)

where Vg is the volume of a unit cell. Given any macro
deformation E, e is determined and the equilibrium state
resorts to a solution WP which minimizes the stain energy
density w. Assuming rank(B) = n,, according to SVD, the
matrix can be decomposed into

oo~y T

B=VWU , 9)
[V V]andU

. . - .
matrices of dimensions n, and dn,, respectively, and W is a

where V = [U, U,] are orthogonal square

ny X dn, matrix with n, nonzero elements w,, (y € [1, 2, ...,
n.]) on the leading diagonal with all other elements being
zero. Further, the submatrix:

S, (10)

Vo=1[s;85 ... 8,
collects the n, = n, — n, vectors s, (a € [1, 2, ..., ng)
representing the self-balanced bar tensions in absence of
external nodal loads, named the self-stress state (SSS),
spanning the null space of A. On the other hand, the sub-

matrix
Uy=[mm,... m, (11)

collects the ny = dn, — n, vectors m; (& € [1, 2, ..., ng))
representing the non-trivial nodal displacements without
producing any bar elongation, i.e the mechanism modes of
the lattice, spanning the null space of B, or the left null space
of A. Substituting Eq. (9) into Eq. (8) and noticing the or-
thogonality of the null spaces and their orthogonal com-
plements, the energy density can be expressed as

-
e+ W uP

T
-
1 e?ff+wrrl~l$ mer
b (12)
€

W=
2Vean aff
€ S

h,. h

jug s

where the blocked vectors and matrices with subscripts s
and r represent their projections onto the null spaces and its
ff VT aff

orthogonal complement, respectively, i.e., eX

aff V eaff

e —V hV and up— Tup etc, and W

diag[wy;, Wa, ..., W, , 1. Note that the projection of u” on to
the null space rIVJO does not contribute and only U’ enters into
the energy [20].

To determine the unknown &P, we minimize the energy by

ff
ow 1 &1 a Wrru]r)
— = W_|h, h, =0, 13
oul Ve r ] e &ff (13)

S

from which it is solved out that

aff | X7 P — _ph 1 aff
€ +Wrrur_ hrrhrses . (14)
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Substituting Eq. (14) into Eq. (12), the energy density is
expressed solely as the applied affine deformation:

e 1 ( dff) h, edff Z Z SS (sff)a(e:ff)ﬁ,

21/;:6].[ o= lﬂ 1
(15)

2 V;ell

1

W, (h - hsrhrrhrs) [(hﬁl)ss}i ’
i), ¥

The projection of affine bar elongations onto each SSS state
vector s, is evaluated by using Eq. (6) as

(aff) Zeaff nz(lbrb E. l'b) 5, =E:S, (17)

where s, is the bth element of the self-stress vector s,, and a
symmetric tensor with order two is defined for each SSS
mode:

S, = bel(?b@@?b)sabzb. (18)

Finally, the strain energy density of a periodic truss lattice
undergoing an applied macroscopic strain E can be com-
pactly expressed as

(16)

w=%E:C:E, (19)
where

5,98 } 20

Vel az:] ;][ o A ( )

can be obviously regarded as the homogenized elastic ten-
sor. If the bars possess uniform stiffness constant %, then

(hbs) = hd,p, the effective elastic tensor can be simplified

as

Z S €2y

The homogenization is valid for both 2D and 3D truss lattices
regardless the effective elastic tensor is of full rank or not.

c ell

3. Microstructural design

3.1 Two-step design scheme

The homogenization process actually tells us how soft and
hard modes are generated at the microscopic level. When
any uniform macroscopic deformation E occurs on an un-
der-constrained lattice, it may undergo a periodic and non-
affine deformation field WP to reduce the energy. According
to the truss connectivity, full vector space of possible bar
elongation e is isolated into two subspaces orthogonal to
each other, namely the column space of kinematic matrix,
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col(B), and the kernel space of its transpose, ker(ﬁT). As

shown in Eq. (7), only the projection of "™ on col(B) could

be released by UP. In certain cases, the affine elongation
vector e due to the deformation E = E, lies completely in

col(B). As a result, ™ can be totally relaxed such that

Buf+e' =e =0, (22)
which means E, is a soft mode. Conversely, the projection of
e on ker(ET) contributes deformation energy resisting a

macroscopic deformation. In conclusion, it’s SSSs of the
lattice that generate the space of hard modes. Note that,
however, not every SSS at the micro level will result in a

hard mode. Only the intersection of ker(ﬁT) and the sub-

space of the elongation vector of which any element defi-
nitely results from a certain affine deformation, contributes
to the hard mode in macroscopic level. Therefore, the ne-
cessary condition for the full rank of the effective elastic

tensor of a lattice is dim ker(ET) > d(d + 1)/2.

The relationship between the above-mentioned orthogonal
spaces at the macro and micro levels is concluded in Fig. 1.
For a rank deficient elastic tensor C, an eigenvalue analysis
isolates the spaces of soft and hard modes with basis E; and
S;, respectively. The E(; space maps to the affine bar elon-

aff

gations e” which lie in column space of the reduced ki-

nematic matrix col(B), and basis of null-space of the
equilibrium matrix ker(ﬁT) contribute in turn to the hard

modes of an extremal material. Note that the B matrix de-
pends only on geometry information of the lattice, so do the
spaces of soft mode and hard modes. However, the com-
ponents and magnitudes of an elastic tensor are determined
by the bar stiffness parameters.

Given an arbitrary rank-deficient C, the inverse process
for finding the lattice usually resorts to an optimization al-
gorithm. Based on the previous discussion, a two-step de-
sign scheme is proposed: (1) choose a lattice linking
topology (with the help of the counting rule) and search the
lattice geometry leading exactly to col(B), at the same time
SSSs of the lattice are also prepared; (2) search the bar
stiffness parameters mixing the self-stress modes to produce

E : Space of S space of
0/
Macroscopic softimodes b ! hard modes
Ea. (6) Eq. (18)

v

aff T

=B’ B's, =0
Lattice 1L -

ekl € column space of B $, € null space of BT

Figure 1 Orthogonal spaces on macroscopic and lattice level.
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the required rank-deficient elastic tensor. The optimization
process is detailed by the flowchart shown in Fig. 2. For any
prescribed elastic tensor of an extremal material, firstly, its
target hard modes and soft modes can be isolated by the
eigenvalue decomposition of the elastic tensor. According to
the two-step scheme introduced above, the geometric para-
meters, such as positions of joints in a cell, are optimized to
let the lattice possess and only possess the target soft modes.
The indicator J in Fig. 2 is used to monitor this discrepancy.
If the first step is finished, the isolation of the subspaces of
hard modes and soft modes is achieved. The second pro-
cedure then runs over the bar stiffnesses to drive the ef-
fective elastic tensor approaching to the target one. Though
the suggested design scheme is generally suggested for any
extremal material, here in the following it is applied in 2D
case and mainly focuses on 2D UMs.

3.2 Direct construction of 2D UM by superposing two
PM lattices

Before calling in material design with optimization algo-
rithm, we first consider building UM by directly super-
posing two PM lattices. The honeycomb topology shown in
Fig. 3a is the simplest lattice topology for designing PMs,
first proposed by Milton and Cherkaev [1].

Let the origin, a;, a,, and p be respectively the locations of
nodes 1-4 with a; = (a, —b), a, = (a, b) being the lattice
vectors. The bar vectors are ¥,=—p/l, t,=(a,—p)/L,

ty=(a,~p)/Lwithl],= |pl, [, = ’al_p

,l3=|a,—p| The
. . T
node displacement vector is u? = (ulT u ou; “I) and the

kinematic matrix is

4 0 0 &
B=o & o0 | (23)
AT AT

0 0 -r; Ty

Considering the periodic condition of u®, there are only two
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Figure 3 a Unit cell of PM consists three bars and the coordination
number Z = 3. b Unit cell of UM by superposing two PMs, Z = 4.

T
u= [ulT uZ] , and the matrix Q can be obtained as

Q= , 24)

[ ]
- O @

such that u? = QuP and I is the 2 x 2 identity matrix. The
reduced kinematic matrix and the equilibrium matrix are
respectively,

AT AT

non
-t -t, -t
B=| aT AT X _ 1 2 3

B 71'2 r2 andA A A Al (25)

S T, T, T,

AT A

r; I3

The self-stress (s1, 5, s3) should set the nodes 4 and 1 in
the force balance state, i.e., 5T+ 5, T, + 555 = 0, which gives

51,82, 53

LTL T p. (26)

Z2gq 4239, =

Equation (26) together with the normalization condition
512+522+s32 =1 can be used to solve the self-stress. Refer-

ring to Eq. (18), the only hard mode can be expressed as

3
S _ A A
S = Z T, T, 54,
b=l
$2 .53

=m®m%+%®%%fp®4%+g+g. 27)

independent nodes in a cell. Here we choose It can be concluded from Eq. (27) that the hard mode, or
1
Taxgethand Elastic tensor s l
mode — :z":s o soft mode
S=(S:,S,,"**.S,) L E..(S) Optimal condition for Stiffness values
configuration 7_:.1 W ek
8= ||E, - K || P oo [
Geometric Kinematic SSS i k=t gy Jen)
parameters — matrix - vectors N J=J+l
x=(x1>x25'"7xn) B(x) VST(x)
4 Update the range of i=i+1 N
X=(X1,X2,%* ", X)

Figure 2 Flow chart for designing extremal materials with any prescribed elastic tensors.
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equivalently the two orthogonal soft modes, are determined
if the position of node 4 and basis vectors are specified. In
design of an individual PM, boundary nodes 1-3 could be

fixed and let node 4 move. For a given S = ,/h/V, ;S with &

being the uniform bar stiffness, the coordinates p = (x, ) of
node 4 can be at first solved out by Eqgs. (26) and (27)
requiring that S is parallel to S. Next, the bar stiffness 4 is
obtained by the ratio factor of S to S.

An UM of elastic tensor C = S;®S; + S,®S, can be
constructed by superposition of two PMs, and each PM is
responsible for one characteristic stress S;. As shown in
Fig. 3b, one copy of PM consists of bars (1, 2, 3) with the
same stiffness /4, and the other consists of bars (4, 5, 6) with
hy, illustrating with different colors. It is also required that
bars from each PM stand on the same lattice sites, i.e., in the
unit cell shown by the dashed parallelogram, both PMs have
nodes (1, 2, 3) on the lattice sites as their boundary nodes,
and nodes 4 and 5 are internal. Only in doing so, the two
SSSs of the six bars under periodic boundary condition take
the form s; = [s;, 52, 53, 0, 0, 0], s, = [0, 0, 0, s4, 55, S¢],
therefore h'y is diagonal and Eq. (21) is just the simple sum
of S®S of individual PMs.

A design example can be given for verification. Adopting
a triangular lattice @ = /3, b = 1 with the unit cell area Vg

=2./3. Two hard modes are arbitrarily chosen as

20
S‘Zlo 1}’ 527

and the corresponding elasticity matrix in Voigt format reads

0.250
1.299

1.299
—1.250

) (28)

4.0625 1.6875 0.4593
[Cl=] 1.6875 25625 —2.2964]|. (29)
0.4593 —-2.2964 3.3750
It follows that the soft mode of this UM satisfying
E):S,=E;:S,=0is
_( 03716 —0.3934
0_(—0.3934 —0.7433)' (30)

By using the mentioned procedure above, individual PMs
with S proportional respectively to S; and S, are found with
the internal nodes 4 and 5 located at (0.57735, 0) and
(0.28869, 1.50003), respectively, and the bar stiffnesses are
uniformly /# = 8.66 for the six bars and the unit cell con-
figuration is shown in Fig. 3b.

The design of UM by superposing two PMs is robust and
theoretically can achieve any pair of characteristic stresses
S;. The method starts from the hard mode space and pro-
vides an explicitly one-to-one correspondence to S;. How-
ever, the drawback is also obvious since bar intersections are
unavoidable, thus it is infeasible for practical purposes. A
more complex lattice topology without bar intersection is
presented in the following.
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3.3 Optimization UM design based on eight-bar con-
figuration

According to Maxwell-Calladine counting rule [20,40],
lattices with Z = 4 satisfy the relation in the periodic con-
dition, dn, — n, = no — ny= 0, which means that the number of
the SSSs and ZMs are equal. In the periodic condition, there
must be at least two ZMs, rigid translation along x and y
directions, so does the number of SSS. Therefore, in most
cases the lattices with Z = 4 are potential candidates for the
UM design. In another perspective, the cell for UMs must be
a single DOF system that supports the only mechanism for
the soft mode of the UM. The lattice connectivity and
numbering are shown in Fig. 4 by a unit cell containing
eight bars and six nodes, four of which are independent. The
cells are also arranged in a triangular lattice by lattice vec-
tors a; = (a, —b), a, = (a, b).

Assuming the cell geometry is symmetric with respect to
the x-axis, obviously its soft mode is of the form E, = diag
(&x &) in the coordinate system shown in the figure, and can
be checked out manually by examining the mechanism.
Excluding nodes 1 (a, 0) and 2 (0, b) on the Bravais lattice
sites, the locations of nodes 3 and 4 can be used to tune the
soft mode. For convenience, we use the length /5 of bar 8
and an angle f, as shown in Fig. 4, to parametrize location of
node 4, thus we totally have three designing parameters (xs,
B, ls) with x; denoting the position of node 3 on the x-axis.
The soft mode can be determined as follows. Supposing we
fix node 3 and let node 1 move on x-axis to remove the rigid
body modes, based on lattice site displacements u; = (x4, 0)
and u, = (uyy, u,), as indicated by red arrows in Fig. 4, the
soft strain can be easily determined as &, = (u;, — u,,)/a and
&, = uy/b, and it is sufficient to use their ratio g/e,. It is
straightforward to solve the relation of u; and u, from the
kinematics of the lattice as u,, = bu,,/[(a — x3)tanf], uy, = x3
uy,/[(a — x3)tanf], with which the soft mode is related to the
design parameters as
&y xzalb
&, (@—xptanf—b" (1)

Figure 4 Unit cell of UM containing eight bars without bar intersection.
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Note that only the angle £ matters and /s is irrelevant. As
an example, we fix ¢ =3, b = 1 and x; = —0.3 and plot
available &/e, in Fig. 5a as node 4 traverses the unit cell. To
avoid bar intersection in the cell tessellation, the movement
of node 4 is confined in the shaded light green region shown
in Fig. 4 according to the position of node 3. It is seen from
the figure that very wide e/, ratio including both auxetic
and non-auxetic mode can be reached (for better coloring
the legend is truncated to [—5, 5] and values exceeding this
range are shown in white). For fixed x; all points on a line by
angle S have the same ratio value and thus the same soft
mode, selection of them should be based on the reasonable
geometry and achievable hard modes. Lines of ¢,/e, = 1 and
—2 are indicated in the figure, and the unit cell geometries
corresponding to four points labelled by A-D on the lines are
displayed in the insets below. Figure 5b shows the similar
plot for x; = 0.3, it is seen that the auxetic and non-auxetic
regions are switched and the attainable g/e, ratio range is
slightly different.

Based on this lattice topology, we still choose to design
the UM with the elastic tensor in Eq. (29). The target soft
mode in this principal system is by diagonalizing Eq. (30) as
E, = diag(—0.8661, 0.4964), thereby the ratio e/, =
—0.5719 and is highlighted in Fig. 5a by the pink dashed
line, on which we choose a location (x; = 0.9, y, = 0.7815,
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marked by the circle) for node 4. With this geometry, E, is
ensured and the other two hard modes will determinatively
orthogonal to E, whatever the bar stiffnesses are, we are
then left to optimize the eight bar stiffnesses to match the
exact values of C.

The optimization is done by Mathematica software using
the differential evolution algorithm to minimize the error
defined by ||C’ — C||; in which C’ is iteratively calculated by
the homogenization method in Sect. 2. Note that the target C
in Eq. (29) should be transformed to the unit cell’s principle
system, which is in this case rotated anticlockwise by ¢ =
72.4°, Design space of the bar stiffness is limited in the
range &; =[1.0, 30.0]. The optimized nodal locations and bar
stiffnesses are listed in the first row of Table 1 with the
convergence error 10~°. The final lattice configuration is
presented in Fig. 6a by 2 X 2 unit cells in which bar
thicknesses reflect relative values of the square root of
stiffnesses. Therein, the principal system is rotated by ¢ with
respect to the global, within which the elastic matrix per-
fectly agrees with Eq. (29).

As an alternative route, we demonstrate here in Fig. 6b
another version of design implementing the same elastic
matrix. In this version the symmetry of the cell geometry as
in Fig. 4 is discarded, and the positions of nodes 3, 4 and 5
are free to tune the lattice, therefore there are totally 14

Figure 5 Contour plots for attainable &,/e, ratios of the soft mode for fixed a x; = —0.3 and b x; = 0.3 as node 4 traverses in the unit cell. Insets below

selectively demonstrate the cell geometries.

Table 1 Geometry and stiffness details of the designed extremal materials

h hy hs

Symmetric UM 8.5665 29.998 9.7785

h4 h5 hﬁ h7 hS
14.309

14.166 9.3147 8.3246 5.1723

in Fig. 6a
(x )16 = (1.7321, 0) (0, 1) (=0.3, 0) (0.9, 0.7815) (0.9, —0.7815) (0, —1)
Asymmetric UM 17.887 12.889 2.9358 7.5852 25.662 4.1176 49.999 33.406
in Fig. 6b )16 = (0, 0) (1.1454, 0.4210) (1.7810, 1.2365) (1.1410, 0.7413) (2, 0) (1, 1.5)
Asymmetric PM 35.75 2.111 20.497 36.266 50 - 13.752 50
in Fig. 6¢ (x)16 = (0, 0) (1.1266, 0.2911) (1.674, 0.8726) (1.0, 0.38) (2, 0) (1, 1.5)
Asymmetric PM 8.476 18.630 22.297 12.840 50 - 39.780 19.722

in Fig. 6d

()i = (0, 0) (1.7, —0.2) (1.8, 0.8544) (1.0, 0.2225) (2, 0) (1, 1.5)
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X2

Figure 6 Designed UMs using a symmetric and b asymmetric configurations on demand of the same effective elastic tensor, Eq. (29) and the designed PMs
¢ and d for different characteristic stresses. Bar thickness represents the relative value of bar stiffness square root.

design variables including the bar stiffnesses. In this situa-
tion it is not possible to figure out the lattice geometry for
the soft mode manually. A two-step scheme is still used
separately for the soft and hard mode spaces. Locations of
nodes 3, 4 and 5 are first searched by optimization to match
the soft mode according to Eq. (22), with their relative lo-
cations carefully ruled to avoid bar intersection. In this step
the optimization is found pretty sensitive to the initial values
of design variables and is easy to drop in local minimal. In
contrast, once the soft mode is fixed the second step
searching the hard modes is always quite stable. The ob-
tained nodal locations and bar stiffnesses are listed in the
second row of Table 1. It is seen from the table and Fig. 6b
that the bar stiffnesses are quite dispersed compared to the
previous design. Though the three UMs in this and the
previous subsection all satisfy the prescribed elastic tensor,
the one in Fig. 6a is more preferable from the practical
viewpoint since its relatively regular shape and uniform bar
stiffnesses.

Besides UMs, the variant of the lattice topology in Fig. 4
could also be used for PMs by removing one bar to add a
ZM supporting one more soft mode. We test the lattices
topology similar to that for UMs, but with bar 6 deleted,
which indeed behaves as PMs. Figure 6¢ and d exhibits two
final cell configurations respectively satisfying the char-
acteristic stresses S =[2, 0; 0, 1] and [—1, 0; 0, 1]. The node
positions and bar stiffnesses are shown in last two columns
of Table 1.

Finally, it should be remarked that it is currently difficult
to prove theoretically whether the 8-bar model for UMs or

the 7-bar model for PMs are sufficient, or how complex the
unit cell should be, to achieve an arbitrary extremal material
elastic tensor. In case of more targeted applications, or in
consideration of practicability, material design with lattice
models of other lattice topologies can also be examined, but the
two-step strategy and the optimization process are the same.

4. Mechanical fields in aggregated UM cells

For a piece of material made of fine tessellation of UM cells,
obviously a linear displacement field corresponding to rigid
body motion or uniform soft strain produces no strain en-
ergy. However, in view of 2D UM continuum, it is possible
that a quite complex nonlinear displacement field can be
free of strain energy too, which is distinct to classical ma-
terials. Recently, it was revealed that expressing the elasti-
city problem in complex variables, such displacement fields
fall exactly in complex analytic functions [24,25]. Mean-
while, a duality also holds in that the equilibrium stress field
free of body forces resides also in the same family of ana-
Iytic functions. These findings profoundly decompose a
general displacement field in UM into zero-energy and
stress-bearing parts. Further, the salient feature of analytic
function makes it easier to probe the functionality of UM a
priori, without resorting to the solution of a complete
boundary value problem. With the proposed design techni-
que of both soft and hard mode of UM, we are able to
explore and materialize such analysis more purposefully.
Here, the concept of analytic stress-free and stress-bearing
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displacement field is illustrated with the designed material
example in the previous section. Taking the unimode
elasticity tensor of Eq. (29) and functions of cubic poly-
nomial as an example, it can be shown that for a piece of
continuous medium the following displacement field will
generate no stress in the material:

u?=-0.1295x* — 0.8161xy + 0.6049y* —0.5232x"
—0.3170x%y — 2.468xy* +1.530y°,
uy = 0.6822x” +0.5179%xy +0.8161y” +1.213x°

+3.139x%y +0.6340x)” +1.645)° .

(32)

In sharp comparison, a cubic stress-bearing displacement

field supported by the medium is

uf=-02611x*—0.5526xy +0.5221y* — 0.8452x>
—2.879x%y +0.6167xy* +2.180)°,

u=-0.6076x>+1.286xy + 1.215y% — 0.6994x>
~0.2097x%y +4.977x)° +3.381)°.

In the derivation of Egs. (32) and (33), in which the soft
mode (Eq. (30)) and hard modes (Eq. (28)) have been en-
coded, the details can be found in Appendix and in Ref. [25].

These two types of cubic displacement field are enforced

(33)

0.8 /

0.6
0.4

02 | 77777 rar 2y 77_735 ¢
20X Y.
| G

0 0.2 0.4 0.6 0.8 1

0.5 090 0.5 0.9

723044-9

to a finite lattice consisting of 16 x 16 designed unit cells as
shown in Fig. 6b, the resulting deformation and bar tensions
are shown in Fig. 7. It is seen that although the deformations
for the two cases are both significant, in Fig. 7a almost zero
bar tensions and nodal reactions are observed for the stress-
free displacement. Conversely, in Fig. 7b the stress-bearing
displacement field induces obvious bar tensions, thus reac-
tion forces indicated by black arrows are also found on the
domain boundary. It is remarkable that the reaction forces
exist only on the nodes at cutting edge and remain zero for
internal nodes, since this stress-bearing displacement field
corresponds to equilibrated stress field of zero body force,
V - 6 = 0. Besides, upon the application of the stress-bearing
displacement field, it can be verified that the macroscopic
stress field o = chlllzzbtblb(?b@)?b) extracted from the lat-
tice completely lies in the space of hard modes of the de-
signed material, i.e., 6(x,y) = g,(x,)S; + 0,(x,»)S,. Fields
of 01 and 0, corresponding to the stress-bearing displace-
ment are contoured in Fig. 7c, where the theoretical one and

those extracted from the lattice are compared. As the lattice
becomes finer it is seen that the integrated stress field

Jalz+ 022 converges to the theoretical result for both types

of the enforced displacement field.

b

L5 08|

202 :
02 04 0.6 08 1
PR Y 0.5
0
34 0.4
4 9
_ S 33 03 S
30 2 an:
5 32 02 3
8 5
20 £ i
3] 0.1
10
30 0
0 581216 24 36 48

Figure 7 Responses of a finite lattice with the designed microstructure under cubic displacement fields which respectively causes a nonzero and b zero bar
tension. The lattice size is 16 x 16, and cell deformation is highlighted in black lines compared with the undeformed one in gray. Arrows show the nodal
reaction forces. The extracted stress fields of o, and o, are shown in the right two contour plots of ¢ compared with the analytical fields on the left.

d Convergence of extracted stresses as function of cell density.
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5. Conclusion and discussion

In this work, we have conducted a comprehensive study
aiming to extend the design of extremal materials from the
well-studied PMs to more general classes. Quite different
with the previous efforts on under-constrained lattices, the
matching of both soft and hard modes is emphasized in the
design process. As a result, following the proposed design
scheme in this paper, a concrete truss lattice can be found
corresponding to any specific elastic tensor of 2D extremal
materials. Though the developed method is testified only in
2D cases, some versatile points of this work including the
homogenization technique, the scheme of separate searching
in soft and hard mode spaces, the counting consideration on
the cell topology as well as the skills in determining the
lattice geometry, are enlightening for the design of other
extremal lattice materials. With the help of this method,
many interesting static and dynamic properties of extremal
materials can be materialized by concrete microstructures.
This paves the way for the practical utilization of extremal
materials. Future applications of under-constrained materi-
als and structures include soft robots, stents, space deploy-
able structures and other shape-morphing structures,
whatever the purpose, microstructural kinematics design, as
done in this and other works [42-44], is an essential step in
order.

Appendix: Analytic stress-free and stress-bearing
fields

As revealed in Ref. [25], the analytic essence of the elastic
field of 2D continuous UM is formulated in the principal
coordinate system in which the soft strain E, is diag-
onalized, e.g., the x'—)" system shown in Fig. 6 for the
designed example. In this coordinate system, a set of ca-
nonical bases for the soft and hard modes can be chosen as

1 0
0 —v

v 0
01

e0=A[ , (A1)

,e =4

l01
10

9e2

where 4= 2/(1 +v2) and v is the Poisson’s ratio in the

principal With  changing of basis, i.e.,
6 = oye, T oe, To,e,and & = ge,+¢e,+&,e, the elasticity

system.

matrix of any UM possesses the following form:
oy 0 0 0 e

0 C]l C]z 8] .
% 0 Cp Cu®2

o | =

For the designed example (Egs. (28)-(30)), it follows that
v = 0.5719, Cy; = 5.3709, C;, = 0.6519, Cy; = 4.6291.
The following transformation of coordinate and field
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variables:

W]_ 1 l/}) x' [u]_ 1 Y [22%

w L =1yy) i) [ 1 —y)(uy)

o) |4 7o

2)-15 712 (A2)

as well as of the derivatives 8W=%(6 Hy0 y,) and

1
2
blem in the complex formulation. In this form, it turns out
that a displacement field does not generate energy con-
tributing components €; and €, is equivalent to requiring that

O = (ﬁxr—yﬁ y,) are needed to express the elasticity pro-

Ou =0, =0, thus any pair of the analytic displacement

W

field u = f{(w), u = f,(W) is stress-free. On the other hand,

the equilibrium equation Vy -6=0 transforms to

0.0=0,0 =0. Again, a dual consequence holds in that a
pair of analytic stress field o = g,(w), & = g,(W) is allow-
able. The stress-bearing displacement field can then be ob-

tained by integration of corresponding strain field [25]. The
displacement fields of Egs. (32) and (33) are obtained with

Siw)=g(w) = wr+2w?, L) =g,(w) = w2+ 2w, fol-
lowed by inverse transformation of Eq. (A2) and coordinate
rotation to x-y system.
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